Complex Numbers,

 Polynomials and Polynomial Equations

( Roman Havlice, Matej Mačák )

Complex Numbers, Algebraic and Trigonometric Form, Operations.
Motivation, plan:

· to construct a new number domain C of complex numbers such that:

· C contains all real numbers,

· each quadratic equation with real coefficients has a solution in C,

· there are the operations (+), (() in C preserving the results and the properties of the operations (+), (() from the number domain R.

Main idea:

· to extend the number domain R of real numbers by adding

· one new, not real “number” i with the property i( i=-1 ( that means, i is a root of the equation x2+1=0 ), 

· all the results of the operations (+), (() ( such that C would be closed under the operations (+), (() ).

Remark: All the other properties of C ( namely the existence of solutions of all quadratic, even all polynomial equations with coefficients even from C ) are the consequences of the properties of:

· this new “number” i,

· the operations (+), (() in R and in C,

· the number domain R.

That means, those other properties of C are not required nor included in any form in the definition of C, but they necessarily follow from the definition of C ( notice that the existence of the root i of one particular equation x2+1=0 together with the properties of the operations force the existence of the roots of all other quadratic and even all polynomial equations in C ! ).

Definition of the number domain C of complex numbers:

Definition: C = { a + bi; a, b ( R (  i( i= -1 },

the operations (+), (() are defined later.

Observation: i1=i, i2=-1, i3=-i, i4=1, i5=i, i6=-1, ...

For each k(Z: i4k=1, i4k+1=i, i4k+2=-1, i4k+3=-i.
For each z,w ( C, z = a+bi, w = c+di, a,b,c,d(R: z = w ( ( a=c ( b=d ).

Algebraic form of complex numbers:

z ( C,

z = a + bi


a = Re(z) … the real part of z

a, b ( R
i … the imaginary unit
b = Im(z) … the imaginary part of z
Geometrical interpretation of complex numbers:
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Operations with complex numbers:

Definition: For a, b, c, d ( R:

(a+bi)( (c+di)=(a( b)+(c( d)i

(a+bi)((c+di)=ac+bdi2+adi+bci=(ac-bd)+i(ad+ bc)

Consequence: For a, b, c, d ( R, c+di ( 0:
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Properties of operations (+), (() in C:

0) R is a proper subset of C: R ( C ( for a(R: a=a+0( i( C, i = 0 + 1( i( C - R ).
1) All results of the arithmetical operations from R remain unchanged in C.

2) C is closed under the operations (+), (().

3) There is exactly one neutral element for the operation (+): 0+0i = 0 

    and for the operation (( ): 1+0i = 1.

4) For each z(C there is exactly one inverse element for the operation (+): -z 

    and for the operation (( ): 1/z except of the case z=0.

5) The commutative, associative and distributive laws hold in C.

Size and argument of complex numbers, distance of complex numbers:

Definition: Let z ( C be a given number, let z = a+bi; a,b( R.

The size ( modul ) of z ( the distance between [0,0] and [a,b] ) is |z| = |a+bi| = 
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The argument ( angle ) of  z is each oriented angle ((R with the vertex [0,0] and the initial side on the axis Re(z)+ such that its terminal side contains z ( see the diagram ).

Consequence: The distance of the numbers z, w is 
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Complex conjugated number:

Definition: The complex conjugated number to z=a+bi is 
[image: image5.wmf]z

= a – bi; a, b( R.

Some properties:
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Trigonometric form of complex numbers:

z = |z|( ( cos( + i( sin( ),
z ( C, |z|(R0+, ((R

Conversion between the algebraic and the trigonometric form:

For z = a+bi = r( ( cos( + i( sin( ), a,b,((R, r(R0+:

a = r( cos( , b = r( sin( , r = 
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, cos( = a/r, sin( = b/r.

Multiplication and division in the trigonometric form:

Theorem: [r( (cos( + i( sin()]( [s( (cos( + i( sin()]= (r( s) ( (cos((+() + i( sin((+())

       [r( (cos( + i( sin()]/[s( (cos( + i( sin()]= (r/s) ( (cos(( -() + i( sin(( -())

Moivre formula:

Theorem: For each n( Z, r(R0+, ((R:
( r( ( cos( + i( sin( ) )n = rn( ( cos(n(() + i( sin(n(() )


Solving Polynomial Equations in C and in R 

( and Factoring Polynomials ).

Quadratic equations with real coefficients:
1) The equation x2 = -d,   d(R+: 

x1,2 = (i(
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, because ( ((1)(i(
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)2 = (-1)( d.

Notice that x2+c2 = (x+ci)(x-ci).

2) The equation ax2+bx+c = 0,   a, b, c ( R, a(0, the case of D=b2-4ac < 0 ( hence D=(‑1)(
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 ): 

x1,2=
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Quadratic equations with complex coefficients:
1) The equation z2 = A,   A(C, z=x+yi, A=a+bi, x, y, a, b ( R:

( x+yi )2 = a+bi

x2-y2+2xyi = a+bi

x2-y2 = a ( 2xy = b ( a system of 2 equations with 2 real variables x, y )

Notice that z2+K2 = ( z+Ki )(z-Ki ).

2) The equation az2+bz+c = 0,   a, b, c ( C, a(0:

D=b2-4ac,  z1,2=
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= w ( C is any of the roots of the equation w2 = D ( this equation is solved using the method described in 1) ).

Remark: Of course, the equations with real coefficients form a subclass of the equations with complex coefficients hence the methods for the equations with complex coefficients refer to the case of real coefficients, too.

Binomial equations:

zn= A,
n ( N … a given exponent,

A ( C ... a given number ( constant, A= a( ( cos( + i( sin( ), a(R0+, ((R ),

z ( C … the variable ( z= r( ( cos( + i( sin( ), r(R0+, ((R )

  ( r( ( cos( + i( sin( ) )n = a( ( cos( + i( sin( )

rn( ( cos n( + i( sin n( ) = a( ( cos( + i( sin( )

rn = a ( n( = ( + k( 2(;
k(Z

r = 
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 ( ( = (/n + k( 2(/n;

k = 0, 1, 2, …, n-1

z0​ = 
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zk​ = 
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…

zn-1​ ​​= 
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Remark: Geometrically the roots are the vertices of a regular n-gon with the centre [0,0] 

and the radius r =
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Remark: In the case of n=2 it is much more effective to solve the equation z2=A not in the trigonometric, but in the algebraic form using the method described above in the paragraph “Quadratic equations with complex coefficients“ or “Quadratic equations with real coefficients“.

Polynomials:

p(z)= a0 + a1​ z​1 + a2 z2 + …+ an zn

z – the variable

a0​ , a1 , a2 , … , an – constants ( coefficients ), an ( 0

n – the degree of p ( deg(p) )
Notation: M[z] is the set of all polynomials with coefficients from M and the variable z.

Therefore:
if  a0​ , a1 , a2 , … , an ( R then p(R[z]
if  a0​ , a1 , a2 , … , an ( C then p(C[z]

Reducible, irreducible polynomials:

Definition: Let p( M[z]. p is reducible in M, if there exist polynomials q, r( M[z] with deg(q), deg(r) > 0 such that p(z) = q(z)( r(z) holds for each z( M. p is irreducible in M if it is not reducible in M.

Key observation: 

Observation: For each c(M and p(M[z] with deg(p) > 0 there exists q(M[z] such that:

p(z) – p(c)= (z - c)( q(z) ( then clearly: deg(q) = deg(p) – 1 ).

Consequence:  p(z) = (z - c) (  q(z)    +    p(c) .
        

                       divisor     quotient    remainder

Roots of equations:
Definition: c is a solution ( root ) of the equation L(z)=R(z) if the proposition L(c)=R(c) is true.
Theorem: For each polynomial p(M[z] and c(M the conditions 1), 2) are equivalent:

1) c is a solution of the equation p(z)=0,

2) there exists a polynomial q(M[z] such that p(z)=(z-c)( q(z). ( Then deg(q)=deg(p)-1. )

Proof: an immediate consequence of the key observation for p(c)=0.

Consequence: For each polynomial p(M[z] the equation p(z)=0 has at most n=deg(p) roots ( not necessarily distinct – see order of roots later ).

Order of roots of polynomial equations:

Definition: Let p(M[z] be a polynomial, let c(M be a solution ( root ) of the equation p(z)=0, let n(N. c is a root of the n-th order if there exists a polynomial q(M[z] such that p(z)=(z‑c)n( q(z) and c is not a root of the equation q(z)=0.

Fundamental theorem of algebra:

Theorem: For each polynomial  p(C[z] with deg(p) ( 1 the equation p(z)=0 has at least one root K(C.
OR

C is an ALGEBRAICALLY COMPLETE FIELD. 

( The proof is rather demanding and requires higher university mathematical education. )
Remark: R, Q are not algebraically complete fields.

Consequences for polynomials p(C[z]:

1) The equation p(z)=0 has exactly n=deg(p) roots in C ( including orders of the roots ).

2) The only irreducible polynomials in C are the linear polynomials.

Consequences and other observations for polynomials p(R[z]:

1) The equation p(z)=0 has at most n=deg(p) roots in R ( including orders of the roots ).

2) For each p(R[z], K(C:
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3) For each p(R[z], K(C:
    K is a root of  p(z)=0 if and only if 
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 is a root of  p(z)=0.

4) For each K(C: (z-K)((z-
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) = z2 – z((K+
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) + K(
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 is a quadratic polynomial in R[z]. 

    Moreover for the discriminant D of this polynomial the following holds: 

    D < 0 if and only if  K ( R.

5) A quadratic polynomial az2+ bz+ c ( R[z] is irreducible in R if and only if its D<0.

6) The only irreducible polynomials in R are all the linear and quadratic polynomials with 

     D<0.

7) If n=deg(p) is odd then the equation p(z)=0 has at least one root in R.
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