Sets

( Viera Jaklovská, Juraj Briškár, Martin Florian )

Basic notions 
· set, element, the relations ( and =: remain undefined
( being basic, primitive notions of mathematics ).
Set ( non-formal characterization, but not a definition )

· a collection ( group ) of objects such that for each object it is unambiguously decided whether the object is or is not a member of the group.
Notation                                      

· x(A means that x is an element of A or x belongs to A. 
Fundamental property   

· the axiom of extensionality: ( (A,B ) ( A=B ( ((x) ( x(A ( x(B ) )

· means that sets A,B are equal if and only if they have the same elements ( = extension ).
Ways of determination of sets
1. Listing all elements of the set

( clearly this can be used only in the case of a finite set )

- for example: M = { 3, -10, ¾, ⅝ }

2. Determination by the characteristic property of elements

M = { x(A; φ(x) }

A – a given set ( already existing )                

φ – a characteristic property ( of elements x )

- for example: M = { x(1.F(srob); x wears glasses } 

- remark: it does not matter what is the first, second, etc. element – a set itself has no order neither any other internal structure and each object can be only at most once an element of a set; the only important matter is what and where belongs.

Empty set, universal set, finite set, infinite set, size of a set, disjoint sets
Empty set: the set which contains no elements.

            Ex.: { x(N; x≠x }is an empty set.
A set X is empty if ((a)(a(X).
Observation: There exists exactly one empty set.

Notation for the empty set: M={}, M=(.
!!!WARNING!!! The „universal set“ of all elements does not exist. The „mathematical universe“ is not a set!

Finite set X: (n(N0 such that n is the number of elements of the set X.
Infinite set: each set which is not finite.
Notation: (X( ... the number of elements of the set X ( size of the set X ).
Disjoint sets A,B: sets having no common elements ( there exist no elements x such that x(A ( x(B ).
Relations between sets
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(......... element        remain undefined, primitive notions ( their fundamental 

═......... equality         property is stated in the axiom of extensionality )

(......... subset, superset ( inclusion )

(.......... ( ( ≠
Definition: let A,B be sets. 

                    A(B ( A is a subset of B, B is a superset of A ), if ((x)( x(A ( x(B ).
                    A(B, if A(B ( A≠B.
Observation: A=B ( ( A(B ( B(A ).
Ordered pairs ( triples, n-tuples )

Notation: [x,y]

                x... first component

                y... second component

Examples: [-2,7]

                  [3,-1,-1]

Fundemental property of ordered pairs and ordered n–tuples:

[a,b] = [x,y] ( ( a=x ( b=y ), [a1, ..., an] = [x1, ..., xn] ( ( a1=x1 ( ... ( an=xn ).

Venn diagram

- schema, sketch where each region is corresponding with membership to particular sets.

- the ground set M: a rectangle.
„Universal position“: regions admit all combinations of membership to particular sets. Each set X splits all regions determined by other sets into two subregions: the one belonging to X and the one outside of X. Therefore a Venn diagram of n sets in the universal position has 2n regions.
Operations with sets

DEFINITION: LET A,B BE GIVEN SETS.
A‘M – Complement: let M be a given set, let A be a subset of M.
  (x: x(A‘M ( ( x(M ( x(A ).
A(B – Intersection:

 (x: x(A(B ( ( x(A ( x(B ).
A(B – Union:


 (x: x(A(B ( ( x(A ( x(B ).

A–B – Difference:

  (x: x(A–B ( ( x(A ( x(B ).
A(B – Symmetric difference:  (x: x(A(B ( x((A–B)((B–A).
A(B – Cartesian product: (x,y: (x,y((A(B ( ( x(A ( y(B ).
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Some properties of operations
De Morgan rules: 

(X(Y)’M = X’M(Y’M
(X(Y)’M = X’M(Y’M
Observations:
· (, ( are commutative and associative:

A(B=B(A, (A(B)(C = A((B(C),

A(B=B(A, (A(B)(C = A((B(C)
· (, ( satisfy both distributive laws:

A((B(C) = (A(B)((A(C),

A((B(C) = (A(B)((A(C)
· for A,B(M: A–B = A(B’M, A’M = M–A
· A(B = (A(B)–(A(B)
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